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ABSTRACT

The major advance made in the work supported under this Grant has

been the development of what appears to be a very generally applicable

procedure for carrying out ab init’io calculations employing only the

valence orbitals of atoms, molecules and presumably also of solids,

and using a potential function to describe the charge distributions

of the cores and the Phillips-Kleininan pseudopotential technique to

account for the other interactions between the fully described

valence orbitals and the emulated core orbitals. This new method is

now being subjected to further extension and development under our

new continuation Grant AFOSR-77-3145. During th. period of Grant APOSR-

72-2265, some advances were also made in describing quantum-chemical

results obtained on various molecular structures in terms which are

readily interpretable to the practicing chemist and materials scientist.
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APPLIED QUANTUM CHEMISTRY OF NONMETALLIC MATERIALS

1. INTRODUCTI ON

The wzderiying physica l i(z ~s necessary for the mathematical

theory of a large part of physics coid the whole of chemistry are

thus ~~n~ letely known cozd the difficulty is only that the exact

app lication of these lca~s leads to equations much too oonrplicated

to be soluble. It therefore becomes dseirthle that appro ximate

practical methods of app lying quantwn msohoiics should be

developed which con lead to on explonation of the main fe atures

of oonp lex atomic systems without too much xrtputation.

- P. A. M. VL ’~ac, P ’coc. Roy. Soc., 123, 114 (1929).

In the Grant Proposal for AFOSR-72 -.2265 , the proposed studies

were divide d into the following groups : (1) improved SC? calculations~

• (2) computations on various molecules, (3) development of a priori methods ,

and (4) calculation of properties . During the period of this Grant , some

effort was expended on all of these areas , with emphasis on items 1 and 2 .

At the t ime this Prop osal was written , it was very clear to us that a

formidable major problem in applying reasonably reliable quantum mechanical

• calculations to all of the various elements of the Periodic Table lay in

th. fact that such a large proportion of the total computational effort

must be devoted to optimi zing the core electrons , even though the

math ematical description for the core of a given atom varies only slightly

from one molecular .nvironaent to another. The reason for this is that

quantum calculation s ar. usually carried out by energy optimization and

‘1
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the core electrons make by far the largest contribut ion to the total

electronic energy . For example, even in the case of a Second-Period

element (such as carbon) which has only a single pair of core electrons

per atom , about 75% of the cost of a ful l self-consistent-field (SCF)

molecular calculation is due to the presen ce of the core . For the

heavy atoms, the high cost of a full-SC? study is nearly all due to the

presence of the core electrons.

In the original proposal , we suggested several ways for avoiding

the core problem. These suggestions lay in two classes: one consisting

of some way of modeling the core electrons; and the other , some i~~rove.ent

in the semi-empirical approach whereby the core is simply ignored by ad-

justing the nuclear charge so as to correspond to the sum of the charge

of the nucleus and of the omitted core electrons.

Ii. A BRIE F REViEW OF THE (
~ RK PLIBLJ SHE V UWVER THiS GRAW~

A. Ab-Ini tio Studies on Various Molecules, With all Core Electrons

Included. The fi rst six papers supported under this Grant dealt with

ab initio calculations, using a moderately sized Gaussian basis set , on

a collection of molecules chosen because of their special chemical interest.

In our study of the PF2H and OPF3H molecules,1 it was found that 9 of the 10

valence—shell molecular orbital. of PF2H are individually clos ly related to 9

of the 12 valence—shell molecular orbital, of OPF3U, with this close
rel ationshi p shoving up in the electronic popul ation , electr on-density plot. ,
end orbital energies . In addition , the valence—shell molecular orb ita ls
were correl ated with those of the PF~, OPP,, PB,, and OPH, molecule.; and
it was shown that some of the molecul ar orbitals persist prac tically unchanged

• from one molecule to anot her in this set of not closely relat ed molecules .
In the study of the electronic struct ures of phosphi ran e and thii rsn e,’

k.1

L
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it was shown that the valence orbital. of the cyclic molecules , C,H4PH and

t C,H4S are closely related and that these are quite similar to the respective

orbital. of cycloprop ane. These two papers1” indicate quits clearly that

not only are the delocalized molecular orbit al. obtained from self—consistent—

field calcul ations about as readily understandable and interpretable in

chemical terms as are the localized orbital. derived from them, but that

some of the delocalized orbital. of one molecule may reappear practically

unchanged in a related structure. We concluded in these studies that

the re are probably a relatively limited number of SCF delocalized othitals

which are to be found over and over again in cou~mon chemical compounds .

it was suggested that these “molecul arly invariant ” orbital s should be

of great importance in practical chemistry and that their contributions

to properties (such as the electron-bindin g energy, the contribution to

the electronic part of the dipole moment, etc.) ought to be intercompared

to give a better insight into the electronic structure of matter.

In an ab inito study’ of the role of d orbitals in chlorosilane, the

electron—density plots demonstrated that conferring d character upon either

silicon or chlorine has about the same effect on the detailed transfer of

charge between the chlorine and silicon atoms . However , the usual population

analysis leads to the conclusion that, when d character is allowed only

to the silicon, there is a p —d transfer of charge from the chlorine to
If If

th. silicon but , when it I. allowed only to the chlorine, the effect is

essentially jus t a polarization of this atom. In other words for this

example (n d presumably in the usual case ), there is really essential ly no

physical difference between ~~~~ charge transfer fro. atom B to atom A

and simple polarization of the charge of atom B towards A.

It was also pointed out in this work that the calculated variations

~,1 -
~~~ in the orbital energies of the core electrons upon allowing or disallowing

• ~~~~~~~~~~~~~~~~~~~~~~~ - - - - - •,
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d character to the silicon or chlorine atoms may be interpreted in terms

of changes in the electrostatic potential in the core region. These findings

have significance with resp ect to the interpretation of data from inne r—

orbital photoelectron spect roscopy .

The next two papers ” deal. with the role of d orbital. in a sulfur

• and a phosphorus compound, employing ab initio SCF calculations with a moderately

sized Gaussian basis set. In the fir st of these studies ,’ the electronic

structure of isothiocyanic acid was calculated and then compared with that

calculated for isocyanic acid; and it was concluded that (a) the ir system

• in HNCS involves a nitrogen lone pai r stabili 7cd by a higher-lying C-S ir

• bond , while the ’: system of HNCO consists of a C-O ir bond stabilized by

the higher-energy nitrogen lone pai r and (b) the d orbit als of sulfur are

accepting density in a a rather than a ii fashion . Although we put a tremendous

amount of effort in our SCF study of the electronic structures ’ of phosphorus

pentaf luoride and tetraf luorophospho ran e, it turned out that we were scooped in

our publication by Strich and Veillard .’ Since these authors employed a larger

basis set than we did , our publication ’ as it finally appeared represented

a considerable condensation of our full study. - Not surprisingly, our

calculated results were quite similar to those of Strich and Veillard. However

in our work, we emphasized the electronic structures of the individual orbitals

and the correlation of the orbitals of PP, with those of the PP }L, OPE,, and

PF, molecules.

The electronic structure of dinitrogen tetroxide and diboron tetrafluoride

• were determined ’ in SCF cal culation s involvin g a moderately—siz ed basis set .

Since one of these isoelectronic molecules (N,0~) exhibits a planar equilibrium

structure in the gas phase while the other (B,F~) apparently has a rather small
rotational barrier, their conformational stabilities were calculated. Our

analysis indicated that the conformetional stabilities were determined primarily

in terms of lone—pair interactions between nonadjacent oxygen or fluorin, stoma,

- --“ -- —~-~~-- ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- ‘~~ -~~—--~ - - • ~ —~~-— — _ ~~~~ -~~~- — -- ~~~~
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along with lone—pair donations into the central o~ bond . The electronic

structure of these molecules was interpreted in considerable detail and

• it was shown that previously suggested ’ electronic configurat ions for

nitrogen tatroxide (in which the NO a units are bonded only by it interactions)

are dissociative and hence of little importance . Our conclus ions were in

agreemen t with the available spect roscopic dat a on this molecule .

Some of these ideas were developed in a book entitled “Electron Density

in Molecules and Molecul ar Orbitals” which was published from our laboratory

in 1975, with the proceeds being freely donated to Vanderbilt University.

In this book , we have pointed out how el ectron-density plots may be wed

to explain and interpret quantum-mechanical results . No of the more im-

portant features of this book are (a) the idea of “molecularl y invariant”

molecular orbitals , a-s described in a preceding paragraph and (b) the

effect of internal rotation on electron-density distributions of the various

valence orbitals in a molecule.

B. Calculations with the Core Electrons C~nitted. A great deal of

effort was spent in this area and much of it was not published, since we

were tuthappy with the results and saw no reason to clutter up the literature

with it. Many of the original ideas (such as the lumped core) suggested in the

Grant Application simply did not work out in the long rim, althoug h for a

while they looked promising enough for us to sink considerable effort int o

them. P.tich the same thing could be said about our attempt s to improve the

- 
- various semi-empirical techniques so as to make them less empirical and more

generally applicable. Of this kind of work, on ly one investigation was published.’

This paper presents a description of the new DVMD (directed-valence molecular --

orbital) method; which is based on the idea that , for the results of an

approximate MD method to be invariant upon rotat ion of the molecular coordinate —

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -—— - -
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system, there is no requirement that directed-valence effects (e.g. the —

difference between a and it p-type orbitals) be neglected in the one-center

Fock-matrix elements. This new method, in which these effects are accounted

for, was applied to a group of di at omics and found to give reasonably good

results . However, even though this was the best of our endeavor s along

this line, we do not particularly recommend our new method for general

use or further development since it doesn ’t lead to significant

improvement.

When Dr. Patrick Coffey joined our group in May of 1974, we were feeling

very desperate about what route to follow in orde r imitate or obviate the

core electrons of a SCF cal culation . We had considered the pseudopotential

and effective-potential techniques, but only in passing because the

available literature seemed to indicate that this approach did not afford

an appropriate basis for the development of a generally applicable practical

method for carrying out LCAO-MO-SCF calculations. However as a last

desperate gamble, Dr. Coffey looked into this metho d to see if it could

be developed in such a way that it would be suitable for routine quantum-

chemical studies. Fortunately, he found a way to do this, an approach which

has been described in the first paper from our laboratory deal ing with our

new NOCOR (Neglect of Core ORbitals) method . In this first paper ,” the

method was applied to the main—group atoms , ranging f rom atomic number 2 
• -

through 36, as well as to the molecules C,, Si, , Ge,, and PF, . The

findings on these atoms and molecules were compared to conventional SCF

results in comparable basis sets and to experiment for the C, and PF ,

molecules. We were particularly pleased that our electron—density plots

of the valence orbitals of the diatonic molecules (C, , Si,, and Ge,)

shoved that the special distributions outside of the core region appeared

to be very similar to those obtained f rom the equivalent full—SCF calculations.

I

- - _ _ _ _ _ _  _ _ _ _ _ _ _-a- — S
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The next paper” on the NOCOR method dealt with the application of this

approach to the four PX, phosphorus halides (X — F, Cl , Br , and I), with

the geometries being optimized and the force constants , orbital energies ,

Mulliken populations and dipole moments being calculated using a minimtu~—

Slater valence basis set.

These first two papers represented a practical test of our ideas of

how pseudopotential theory might be applied to everyday quantum—chemical

calculations; and these two publications showed that the approach was

worthy of further consideration . A problem that oft en comes up in

theoretical work is the question of how much effort should be put into

theoretical developments before the underlying ideas have been tested as

to their usefulness and practicability. In our laboratory, we usually

take the general approach of first testing the usefulness of a theoretical

advance while the theory is still in a state of flux and is far from being

worked out well, if the preliminary practical tests show merit, we then

attempt to investigate the theoretical details.

Our firs t careful theo re tical investi gation of the new computational

pro cedure ( the NO COR method) was described in a paper1’ which appeared in

1975 . In this , the theo ry of pseudopo tentia ~ and effective potentials was

investigated and properly extended to cover the approach we had developed.

This theoretical study indicates the following: (a) increasing the size of

the basis set requires a concomitant increase in the complexity of the model

potential used to describe the core . A minimum-Slater basis set works well

in these calcul ation s becaus e the at omic and molecul ar eigenfunctions are

“locked” into essentially the same shape . However , the use of a more flexible
- 4 basis set (such as a double—zeta set) , requires a more accurately defined shape

of the model potential in the valence region , and in this study we found that

~~~~~~~ .-~ — W ac~~~ . - — - ~~ --- s a .s.aa.~s



~ 
~~~~~~~~~~ 

- 
- 

—. 
-

9 
I

at least two mathematical terms (instead of a single one for the single-

zeta case) were required for this purpose. (b) We did not find any

evidence for failure of the froz’n-core approximation, whereby the

core model-potential of an atom (in the form of an atom or ion, or present

in a molecule) is considered to be unchanged by the differing environment due

to the various distributions of the valence electrons in the different

systems. This conclusion indicates that there is no need for core-polarization

potentials , as has been suggested by others . Furthermore, (c) this work

has indicated that the NOCOR procedure is about as accurat e as the corresponding

conventional SCF calculation in determining molecular structures, vibrat ional

spectra, dipole moments, Mulliken popul ations , and the influence of d

orbitals.

In the next theoretical paper , 14 which is still in press , a

new expression for the Phillips-Kleinman pseudopotent ial is proposed for many-

valence-electron molecules. According to this approach, each valence

molecular orbital is treated in terms of its orthogonality constraints with
— respect to the core orbitals. This is in contrast to our previous approach

and those of all others, in which an approximate average pseudopotential

based on the valence atomic orbital s of the free atoms is employed. Our

new formulation of the problem results in an appreciable increase in

precision, particularly for the valence-orbital energies. In addition, H

we derived general expressions for the local terms in the effective

potential , which are not restricted to any special analytical form . We

have now shown that , if the core is described precisely in terms of this

local potential function representing only the Coulombic and exchange inter-

actions and if the correct Phillips-ICleinman pseudopotential is derived

from our new formulation , the entire effective potential is well accounted

for. In view of this work , we now believe that the general approach

represented by the NOCOR method has been demonstrated to be fundamentally

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ -~~-.--- ~~~~~~-~--—.—- -.
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sound and ought to be -generally applicable for virtually all kinds of SCF 
-

calculations. In this paper , the new approach has been tested on the I,

molecule; and the results obtained with it are compared with our previous -
-

approaches and with the results from an equivalent full SCP calculation .

The manuscript of this important paper is presented as Appendix I in

this Final Report. It now seems quite clear on the basis of this paper

that the proposal s for further quantus-chemical work outlined in the Grant

Application for AFOSR-77-3145 (under which we are now operat ing) are

well founded and shoul d be suitable for practical development.

In a series of three papers”” which appeared in 1976, we have

applied the NOCOR method to practical problems of calculating molecular

wavefunct ione • In one of these investigations,” a calculation was

carrie d out on the P4 and P, molecules and their inter conversion . In

this work , the molecular geometry was optimized and the resulting bond

lengths were found to be close to those measured experimentally. Upon

allowing d functions , it was found that the electronic hybridization of

each phosphorus atom in the P4 molecule changes from s’ ’ p’ ’  to

Sl~~ 7p3 O ~~ O * 5  resulting in considerable polymerization of the valence—

electronic distribution , with the total electronic charge shifting

avay from the atom s toward . the center of the P,, tetrahedron and also in

~
. 

-
~ the P—P axial regions . Unfortu nately , due to an inappropriate setting

of the lover Limit for calculating integral s, a mistake was made in the

molecular—orbital correlat ion chart relating the P4 molecule to th. pair

of P, molecules resulting from pulling a P4 molecule apart along its C,

axis . This error has been corrected in an erratum.”

The next paper” in this group deals with NOCOR cal culations on the —

tetrac arbo nyls of nickel , palladium and plat inum. We felt that it was
-
: - 

very important to car ry out soon a stud y on transition—metal compounds,

~~~~~ ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ .~~ _________________
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since some persons in this field think that any pseudopotential method

simply cannot achieve reasonabls results when applied to the compounds of

the transition tals • In this work, we have compared the full—SCF results

on tetracarbonyln ickel with the NOCOR calculations on this molecule end

found good agreement . However , we found that the outermost orbitals of

the palladium and platinum carbonyl. were in reversed order with respect

to those found for the nickel compound and we spent considerable space

in the paper arguing how this might have come about. However, a French

scientist has now carried out a full—SCF calculation’ • for tetracarbonyl—

palladium and has shown that the ordering of the molecular orbital. with

respect to energy in this compound 1. the same as in it. nickel analog I

This scientist has therefo re entitled his manuscript “Failure of a

Pseudopotential Calculation for Pd(CO) 4 ” in reference to our work . It

turns out that , during the time we were engaged in this calculat ion, a

minor error was made in the mathematical description of the core d orbitals ,

which are found in the core pal ladium and platinum, but not nickel. There-

fore the nickel calculations turned out correctly but there were some -
:

minor mistakes which were big enough to change the ordering of the two outer-

most valence orbitals in the calculations on the palladium and platinum

analogs. We are presently in the process of repeating these calculations

and have already found for palladium that, when the core d orbitals are

represented by correct mathematical expressions, the so-called “failure”

of the pseudopotential method disappears. We are happy that the error was

~ I 
a human one and is no: an inherent disadvantage of the NOCOR method.

The third paper of this group deals with the use of the pssudopotentiel

method in calculating barriers to internal rotation. In this work , the

barrier to inte rn al rotation as computed by the NOCOR method for sthane,

-~~~ msthylsilane, methylgermane, and methyistannan., were compared with

conventional SCF results for all but CH,SnB, and in each case with experiment.

--~~ --- --~~--~~~-~---- ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - - - - - -
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As expected , the NOCOR results turne d out well. Analysis of the NOCOR barrier

(based solely on the valence orbit al.) indicates that the ps.udopotential

formolation (which is included in the one—electron part of 
- 
the Pock matrix) - :

effectively incorporates the entire core/valence interaction , including

the omitted two—electron contribut ions • Therefore, the p.eudopotsntiaJ.

method has now been shown to work for calculating internal—rotational

barriers; and this occurs because of the relative invariance of the omitted

core and core-core electronic contributions to the internal-rotation process.

~ I

I
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THE STRUCTURE OF MOLECULAR EFFECTIVE POTENTIALS IN COMPOUNDS
OF HEAVY ELEMENTSJ WITH APPLICATION TO 12
Carl S. Ewig, Roman Os~an, and John R. Van Wazer

D.p~’~ne~~ of Chu~~a~r~j, Vc.nd.x biit University, Naahviii., Tannasaee 37235

(R.ceived ) 
-

A new expression of the Phillips—Klsfn~an pseudopotential for many—

valence-electron molecules is proposed. All remaining terms in the valence

Hamiltonian, represented by a local potential, are evaluated from ab initio
expressions based on the form ‘of the atomic Pock operator. Sample calculations

are reported for the orbital energ ies , equilibrium bond length and vibrational

frequency of the ground state of the I, molecule.

I. Introduction

The concept of effective potentials and pseudopotentia.ls for studying 
-

atomic and molecular valence—only electronic structure has in recent years
been shown to be valid for an extremely wide variety of different properti es

and systems. In a previous paper ’ we show.d that in particular the ama—electron

form of the Phi llips—Klefni~~n pseudopotential ” may be rigorously applied to self—
consistent—fiel d calculation, of the valence electronic structure of many—

valence—electron atoms and molecules. The primary advantages of this approach

are that (1) the exact core—valen ce orthogonality of each molecular orbital 
-

may be represented by the ps.udopo t.nt ial , rather than being implicitly main—

tam ed at a value rep resenti ng the ground -state neutral atom, as some other 
-

valence—electron app roach.s requi re ,” and (2) the remaining terms in the

effective Hamiltonian are greatly simplified , being well describ ed by fwictions

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~ - - .~~~.~~~~~~~~~~~ -: ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~- k -  -~~~. - _______
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which are monotcaically decreasing in the valence region and very nearly the

sans for all sy ecries of valence orbitals. That this latter condition is

not generall y true of other techniques has been clearly shown by the work of

Xahn and Goddard ,’ i’~~r alia.

The purpose of the present paper is to resolve some ambiguities in

our previous formu~Lation of the Ph illips~JCle fn.~a.n expression for molecules.

S cond, we will suggest some more rigorous and accurate expressions for the

local “model” potential representing the core-valence Coulomb and ~~h.ng.

operators. This potential, togsther with the pseudopot.nttal, we will refer to as I

“effective potent ial~ Th. description of the local potential is of particular

concern due to the observation ’ that simpl, analytical expressions for the

model potential seem to be inappropriate for use with double—zeta and larger

valence basis sets • Some representative valence—electron results for the

orbital energies , equilibriue bond length and vibrational frequency of I~ in

a minimal basis set are repo rted and cocpared- to th. results of an equivalent

all—electron Sd calculation.

II. The Molecular Phllllps—kleinman Expression

The requirement that a molecular orbital be normalized and orthogonal

to some set of functions , usually designated as the core orbitals, may be

shown’ “~to be energetically equivalent to relaxing the orthogonality

constraint, but adding to the Hamiltonian a generalized pseudopotential ter m, —

~~~~ 
Defining first th. molecular proj ection operat or

A nuclei orbitals i i
— 

~ ‘ ck” ck ’ (1)

where is the ~th core function on nucleus k, the one—electron form of

for Hartres— Pock calculations on systems with one valence orbital ’ i. then

I- ‘~;c:~: . .! 
_ _ _  ___________________ 

_ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _
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VGPp — — P P — i ?  + iF? + (2)

where F is the appropriate Pock operator and a, is the eigsnvalu. of F correspOnding -

to the valence orbital. Further, since it is *ssumed that the are chosen to

approximate the trus core solutions of F, so that F+~~ — ~~~~~~ Eq. (2) reduces

to the more familiar one-electron form

nuclei orbitals -

I I I+ k>(av~ e~~)<+~~I .  (3)
k i C

If a valance wavefunction satisfies the secular equation

F$
~~~~~~

1hI L
V

+~~ 
(4)

then Eq. (4) may be written in the equivalent form

_PP i i(F + v )x~, — c,x .

Here 4, the pseudowavefunction, may have a much simpler functional form then
j  (~

p weThis follova from the fact that the presence of V or V in the

secular equation causes all the to be degenerate with 4, so tl~at 4
is arbitrary in the core region within a linear combination of the 

~~~~~~~~

Hence it may be chosen to be of a convenient form such as a single Sister
orbital, or otherwise shaped in the core region. Hers we will simply take

• 
4 to be the outermost Sister function used to describ , the atomic on

each nucleus. This provides a computstionally convenient definition of

4 in the core region, and resolves the ambiguity with respect to the

contributions of the With this typ. of constrai nt, 4 will not be

identical to th . exact valence wavefunction , but the valence energy will

~~~~~~~~~~~~~~~ —~~~~~~~~ —~~~~~~~~~~~~~~~~~~~ — ~~~~ ~~~~~~~~~~~~ — ~~~~~~~~~~~~~~~~~~~ J
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still converge proper ly. Thus computatio n of the complex nodal structure

of in the core region, required by conventional atomic and molecular

SCY calculations , may be obviated.

For free atoms and molecules with only one valence orbital (or one of each

sy stry) , the a~ove procedure is straightforward. However in other molecules

it becomes ambiguous, since there is then a different for each 4. Other

authors, using expressions analogous to (5) have used an arb itrary “mean”

value’ of ~~~, or implicitly kept it constant at its value in the free atom.~~’ -

In our previous work , we have set a, equal to the lowest of the molecular

orbital energies, ~~ found iteratively .

Ideally V~~ should be formulated such that Eq. (5) is satisfied exactly for -

each 4. This may be dons formally, using the fac t that the 4 are norsalised

and ortho gonal , by writing the molecular pseudopotential as

valance core nuclei - valence z z
— I £ I +Ck> (EV 

— 

~~k
)< ck I (1 — I IXv’<XvI~’ 

(6)
i j k - L , ’i

where is the ith valence eigenva lue of F. designates this

mor e general form - of the pssudopotential, which is a function of the complete

set of valence—orbital energies. In the iterative solution of the self -

consistent—field equations , the quantities and 4 may be conveniently

chosen as the eigenvalues and eigenf unctiona, respectively , of the preceed ing

iteration . At convergence , Eq. (3) is then satisfied for each valence

molecular orbital , ç~. S

It should be noted that the operator defined by Eq. (6) is nonheru itien, a

condition which presents some difficulties in its direct Implementation. However

~ ~~~ 
inspection of this form of shows that in the molecular—orbital basis it 

-~~S-—~~~~~--— --— — - • ~~~~~~~~~-~~~~~~~~~~~ —— -~~~~~~ - - --



J ~~~~~~~~~~~~~~~~~~~~~ 
- - — 

~~~~~~~~~~ “~~~~~~~~-W ~~~~’~~~~ ’ 
-~ •_ 1

~~~~~~~• -
~~~~~~~~

19

contains off—diagonal matrix elements coupling only valence orbita l. of the

same symest~y type, and that these elements are generally at least two orders

of magnitude smaller than the diagonal terms. Therefore for the present study

we have cø structed’Y~~ as given by Eq. (6) in the molecular—orbital basis, and

then neglected the off-diagonal terms. Sample computations using this

expression are given below in Section IV.

III. Construction of Atcmic Model Potentla~s

The lock operator in Eq. (5) depend s on the coordin ates of all the

electrons in the systen, and is hence p.r so inappropriate for valence—

electron calculations . A fundamental postulate used in such calculations

is the existence of at least one function W~ such that , if Eq. (5) is

satisfied , then for each valence orbital of a given atom

A 

~pp j( 1 +v  + w ) x ~~~- a ~~, (7)

where 4 is the atomic pseudowavef unction and now depen ds explicitly only

— 

- - on th. coordinates of the valence electrons. (Note that , for free atom.

may be chosen equal to V~~ for each atomic symeetry type.) Since Eqs. (4) and

(5) represent the conditions that the total energy be an extr~~~~ with respect

to arbitrary variations of and 4 respectively, Eq. (7) ii equivalent to

requiring that the energy of the valence electrons also be an extr~~~~ with

respec t to variations of the 4. Thus subsequent molecular calculations using

this model potential are limited to basis sets composed of functions which

pr ecisely satisfy the atomi c secular equation . In a molecular calculation, V

is taken to represent the superposition of the potentials of the constituent

atoms. In our earlie r work , vs have used for each atom a single expontiel

function of the f orm

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _______
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— N(l—e °’t~)/ r (8)

where r is the disteace from the nucleus and N is the nuther of core

electrons . o may be determined by optimizing the values in atomic SCF

calculat~ons. We now ask wb&t is the moat general form of W~.

One approach would be to exploit the nodeless properties of each 4 to

invert Eq. (7) , i.e. 
-

- - - v~~)94. 

- 

- 

(9)

Since all the quantities on the right side of Eq. (9) are known from atomic SC?

results, this generate. a local potential that may be subsequently employed in

molecular computations. However it is easy to see that this will be successful

only at the Hartree—Fock limit, since using small analytical basis sets ,

Eqs. (5) and (7) need not be satisfied at all point s in space. In particular ,

they need not be satisfied in the outer or valence region of the atom , which is

the most important for bond formation. . Trial calculations analogous to those

described below verified that , at least for minimal basis sets , Eq. (9) gives

only a relatively crude molecular potential function. This and similar

probl em, that may arise from using expressions analogous to (9) have also been

discussed by Melius and Goddard .’

A more general condition for defining W~ is to require operator equivalence ,

thet is

(F + + W~)4 - (F + V~~
’)x~. (l0a)

or , equivalently ,

(F + W~)4 — 14. (lob) —

- - — - -
- - m :~ -~., ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ - - ~~~~~~~~~~~a~~- . - s  -
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~ote that Eq. (10) is equivalent to requiring that an arbitra ry variation in
i cause the same cnange in both the total and the valence—electron energies .

However this energy change need not be zero , and hence this 4 need not be

the solution of an at3~ic secular equation.

To calculate we first define explicitly the atomi c lock operator F

for closed shells as’

closed open
I (23 — K ) + f I ( 2 J 4 — K )  (11)r

where £ is the Laplacian, Z the nuclear charge, and f  is the fractional occupancy
of the open shell , if any. For open shells,

closed open
F — —½~ — + I (2J -K )  + f  £ (2aJ —bK ) (12)r j j  j j

where a and b are constants for a given electronic configuration. Similarly, —

F for closed shells is given by

closed open
A valence 

- 
valence A A

F a — + £ (2J —K )  + f  I (2J ~K )  (13)r i i

and for open shells

closed open
• A valence A A valence A A

F — ~~~ —~~~~ + £ (2J~—I(~) + f  £ (2aJ~_bK~). (14)

— 

We also define J~ and K
~
, as well as and ‘S,’ to be the Couloi~~ and exchange

operators defined over the and respectively, so that

J Y
j  

— ~~~~~~~~~ (15)
v~v v r ,., V V

1 
_ _ _  _________________ ______ __________ ____________—— ~~ - — - . 
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-j i i i  i i
—

V V  v r ~~ v V

~~~j  i 1 1  j 4
J Y  — Z<Yv’v ~~~v r 1a v V

K — :< ~~~~~~~~~~ 
(18)

vXv Xv r 12 -v -v

Further let 3 , J etc. be the operators over closed and open valence orbitals

respectively.

Noting that the only difference between F and F lies in the two—electron

operators , it is convenient to divide the W~ functionsinto two terms. The first

is the total interaction between the core and valence e1ectrons~

- [u~
_ K

~4I4 (19)

where J~ and K are defined to include all the core orbitals of the

st~~ations in (11) and (12). The second term, W~, is due to valenc, electrons

in the core region. Solving Eq. (10) for W~, using Eqs. (ll)—(14) we have for

closed valence orbitals ,

- f(2 (J + fJ - - fJ°) - KC 
- fK + + f ;14f 4 (20)

and for open valence orbital.,

• 
j 

- 1[~2(t + a~ J - - afJ~ )-. K C 
- bfK° + K~ + bfK l x ~J 14 (21)

assuming all the core orbitale are closed. The total potential W~ is then

simply W~ + W~ for a given 4.
Zn form ing the molecular effective potential, it should be noted that

~~~~~~
-- -

~~
--

~~~~~~ 

- ~- u- ----
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the pseudopotential defined by Eq. (6) is equally applicable to both atomic

and molecular pseudowavefunctions. In a molecule such as I,, it is useful to

choose the valence atc~ ic orbitals of the free ato. to be those with the

maximum principal quan tum number (i.e. 5 for iodine), and the valence orbitals

of the nc .ecule to be those dominated by these atomic valence orbitals. The

Cck and of the iolecule are given , to an excellent approximation , by the

eigenvalues of the closed—shell Pock matrix for the free atom. in the double—

Hamiltonian formalism of Roothaan.’ As in our earlier work ,1’1’ take the model

potential f or molecular calculations to be the superposition of the model potentials

of the constituent atomic cores . Finally, the interatomic core—core interactions

are represented by a reduction in each nuclear charge by N , the number of core

electrons, in computing nuclear—nuclear repulsion energies. -

IV. Sample Computations

To illustrate the use of the above expressions f or both the pseudopotential

and local model potential in determining molecular properties , we have performed

both all—electron and effective potential minimal—basis—set calculations on the

ground state of the 12 molesule. This structure was chosen since it is well—

known compound of reasonably heavy elements and is also amenable to full SC?

calculations. 
-

All results reported here were obtained using an atom—optimized set of Slater

orbitals. Each core Slater function was expanded into three gaussian functions

and each valence orbital was expanded into four gaussians. The a parameter

in Eq. (8) was obtained by fitting the atomic ground—state orbital energies as

has been described previously,1’10” and for iodine has the value 3.1814 a.u.~~

The properties chosen for comparison are the orbital energies of the five occupied

valence orbitale, the equilibrium bond length and the vibrational frequency.

The effec tive—potential calculations in each case required less computer time

- 
-

- than the corresponding full SCF calculation by a factor of 150 .

,- 
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - .. - - — -
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Th. second and third col~~~s of Table .1 show the effect of using a pseudo—

potential of the form given by Eq. (3) , setting ç1 to be the lowest molecular

valence—orbital energy compared to Eq. (6) in which all the are

found iteratively . The most apparent difference is seen to be an improvement

in the accuracy of the orbital energies relative to the full Sd results. 
-

In :omputing the local potential functions , it is clear from Eqs. (19), (20)

and (21.) that there will be a different W~ for each symastry of valence basis

function. For example, in the minimal basis of the iodine atom there will be

one for and a different one for x~. These hopefully should be smoothly

decreasing in the valance reg ion, and W8 should be nearly equal to Wi’. This is

indeed seen to be the case f rom Table II , which show1, in the first four col~~~a

of data, the core and valence potentials W~ and V,, appropriate to the X and

atomic pseud ovavefunction s.

Although V5 and VP could be used separate ly in a molecular valence-

electron calculation , we will use here a single function, i~, to represent both

in order to draw a valid comparison with the use of the exponential approximation , -

Thus we will simply def ine ~ as the least—squares fit to Wi(4)* for all

atomic syiaeetri.s , i, at each point in space , so that for the iodine atom

— 
W~( x ) ’ + ‘(4~~ 

• 
(22)

+

This function is shown in the fifth columo of Table II, and is presented

for comparison in the sixth co1~mo.

In performing molecular computations in a contracted gaussian basis set ,

it is clearly desirable to have the local potential expre ssed as an expansion

4 in gaussian functions,

~(r) a N(1 — £cjexp(_.ir’))/ r. (23)

- 
- -  
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This expansion was found to converge, after inclusion of five or more terms,

to approximately three significant figures of the properties given in Table I.

The weighting factor employed was the denoaimator in Eq. (22) multiplied by r ’.
The coefficients and exponents of this expansion are shown in Table III.

The properties found using this potential with the psaudopotential defined

by Eq. (6) (using the molecular pseudowavefunctions) are shown in the fourth

columu of Table I. The differences from the results obtained with are

again seen to be relatively small.

V. Discussion

The advantages of employing the Phillips— Kleinaa n expressio n in molecular

calculations were stated in Section I. Further , its use leads to Eqs. (5) and

(10). These equations in turn allow construction of the simple and general 
-

functions of the form (19) , (20) and (21) . These local poten tial function s

have the properties that CL) the functional form of is not constrained to

to any analytical approximation, and (2) the atomic and 4 functions need

not be solutions of an atomic secular equation , thereby per miting the use

of , for example, molecularly-optimized basis sets.

The purpose of the present paper has been to describe the origin of

some of the terms appearing in the molecular effective potential . Although

the results reported here are somewhat more precise than we had previous ly

thought possible for this row of the Periodic Table, it seems very likely

that more precise valence—electron calculations are possible . Par ameterization

schemes ‘,“ have been found to work well for compounds of light elements ,

but become extremely complex for the neavier elements since they must

implicitly simulate Eq. (3). However the accuracy of the valence—electron
approximation itself is not yet well establi shed for compounds such as I,.
Other pseudopotenual results for I, are not yet readily availab le, althou gh

~~~~~~~~ -~-~~~~~~ ---— —‘“ ‘~~~~— ~~~~~~~~~~~~ —~~ ‘~~~~~~ — -  ~~- --.- —~ ‘---~ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ ~~~~~~~ ~~~~~~~~~~~~ _~~~~ _
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Kahn et al. ’1 report an equilibrium bond length of 2.81 .3 using a somewhat

more complex basis set in an MCSCF formalism. The experi~.n:al value is 2.667

Recently Bart helat , Durand and Serafini,” using a double—zeta basis set ,

have obtained orbital energies for I, differing from the c3rresponding full

SC? results by an average of 12.5% , and an equilibrium b ond. length and

vibrational frequency differin g by 82 and 17.4% respsctive_y.

An apparent minor tmprovment that might be made in the computational

approach described here would be the use of a different function for each

atomic syimsetry type. The problems that arise in this type of calculation , due

to the fact that a basis function on nucleus A need not have a simple atomi c

sy~~~try in the region of nucleus 8, have been treated approximately by

several authors.”” However , since the function is very’ similar to

the ~P function, it seems likely that their use in molec~1a~ calculations

would be quite insensitive to the exact fashion in which this angular—

momentum dependence were treated.
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Table III. Coefficients and exponents of the gaussian expansion

of the local potential L The form of the expansion is defined by t~ . (23) .

—0.60515 5.1547

0.71330 4.51.58

0.24807 2.0895

0.02046 0.8308

0.00137 0.1255

F  

. 

- .


